External matching networks are crucial and necessary for operating capacitively coupled plasmas in order to maximize the absorbed power. Experiments show that external circuits in general heavily interact with the plasma in a nonlinear way. This interaction has to be taken into account in order to be able to design suitable networks, e.g., for plasma processing systems. For a complete understanding of the underlying physics of this coupling, a nonlinear simulation approach which considers both the plasma and the circuit dynamics can provide useful insights. In this work, the coupling of an equivalent circuit plasma model and an electric external circuit composed of lumped elements is discussed. The plasma model itself is self-consistent in the sense that the plasma density and the electron temperature is calculated from the absorbed power based on a global plasma chemistry model. The approach encompasses all elements present in real plasma systems, i.e., the discharge itself, the matching network, the power generator as well as stray loss elements. While the main results of this work is the conceptual approach itself, at the example of a single-frequency capacitively coupled discharge its applicability is demonstrated. It is shown that it provides an effective and efficient way to analyze and understand the nonlinear dynamics of real plasma systems and, furthermore, may be applied to synthesize optimal matching networks.
I.
INTRODUCTION
Capacitively coupled plasmas (CCPs) operated at radio frequencies (RFs) are powered by generators that are connected to the driven electrode via an external electrical circuit. [1, 2] These circuits depend on the specific setup and may among other elements include power lines, matching networks, frequency filters. Since the plasma is typically a nonlinear load, its interaction with the external circuit is not easily predictable. Especially at low pressures p < 10 Pa, harmonics in the plasma current at the plasma series resonance can have a strong influence on the plasma characteristics. [3] [4] [5] [6] [7] [8] [9] It has been observed by several researchers in the field that these harmonics interact heavily with the external circuit connected to the driven discharge electrode, [7, [9] [10] [11] [12] , e.g., reacting to simple changes such as a varied cable length. [7] Yamazawa et al. demonstrated that this interaction can be used to influence the electron density and its homogeneity by changing the composition of the harmonics with an LC unit parallel to the plasma. [13, 14] Since analytic predictions of these almost always nonlinear effects are hard to obtain, an effective numerical simulation that takes both plasma and external circuit into account may provide important insights (e.g., to design suitable matching and filter networks). Certain assumptions about the plasma states are, however, often necessary. Verboncoeur et al.
proposed a method for coupling external circuits to a particle in cell (PIC) simulation via conservation of charge. [15] The external circuit is incorporated by setting up the differential equations following Kirchhoff's circuit laws and solving them numerically simultaneously with the PIC simulation. Rauf and Kushner analyzed the plasma circuit interaction by coupling a lumped circuit to a plasma simulated with HPEM. [10] They observed that the specific design of a matching network has a significant influence on the plasma and, therefore, the whole system of interest.
In this work, we propose a model of a real plasma system and a simulation method in which the plasma itself is modeled by a nonlinear equivalent circuit consistently coupled to a global chemistry model. Therefore, the problem reduces to a circuit simulation for which several solution tools are available. These tools, one of which is SPICE, solve the system of differential equations using a netlist of the circuit. [16] Here, we make use of the opensource software ngSPICE. [17] The differential equations, hence, do not need to be set up and solved "by hand", which is especially cumbersome for large circuits. As aforementioned, the proposed simulation algorithm self-consistently calculates the electron temperature and the plasma density based on the absorbed power and parameters of the discharge. The functionality of the proposed method is demonstrated by simulating a real generator with an impedance matching network attached to the plasma model (including losses in the network and the reactor chamber).
II. PLASMA MODEL AND SIMULATION ALGORITHM
In order to describe efficiently the nonlinear dynamics of real world RF plasma systems on the high-frequency timescale and to understand the interaction between the plasma and the external network, a lumped element circuit model for the plasma is established. In this work, the model is based on considerations introduced and discussed in [4, 6, 8, 18] .
It additionally allows to consistently calculate the electron temperature and density from particle and energy conservation in the system. [1] The plasma is divided into the plasma bulk and the two sheaths: One at the driven electrode and one at the grounded electrode and reactor chamber wall. A generalized Ohm's law based on the momentum equation for electrons of the form
is used to model the bulk on the RF timescale. j is the current density, E the electric field, n the plasma density, and m e the electron mass. The effective collision frequency ν eff = ν m +v e /l B accounts for both ohmic heating by incorporating the momentum transfer collision frequency ν m and stochastic heating in form of the second term. Therein,v e = (8k B T e /πm e ) 1 2 is the mean thermal speed, T e is the electron temperature, l B is the bulk length, and k B is the Boltzmann constant. Assuming a homogeneous cylindrical discharge, integration over the electrode area A E and the bulk length l B respectively leads to a scalar version of equation (1) . This can be written in the form V Bulk = R pl I pl + L pl ∂ t I pl , with V Bulk the voltage dropping over the bulk and I pl the current flowing through the bulk and, therefore, through the whole discharge. Recapitulatory, the bulk is modeled by an inductor
The sheaths of the plasma are modeled by a capacitive diode consisting of three parallel elements. Due to their high inertia, the ion flux onto the surface is assumed con-stant and is accordingly modeled as a constant ion current source Lastly, the sheath capacitance is modeled as a nonlinear capacitor
The nonlinearity itself depends on the applied sheath model. In this work a matrix sheath model [1] is used. I i,1 , I e,1 and C S,1 are the values describing the sheath in front of the driven electrode. The values for the grounded electrode sheath are obtained by ex-
The system of differential equations for the plasma model to be solved then amounts to
with V pl being the voltage dropping over the whole discharge. This system of equations can be described by an equivalent circuit model, which is depicted on the very right hand side of figure 1.
Since this model consists only of circuit elements, arbitrary networks using sources, resistors, capacitors, inductors and so on can be attached to the electrode and, following Kirchhoff's laws, the resulting differential equations can be solved. However, since the plasma density n depends on the absorbed power P abs , which in return depends on the attached electric circuit, the model needs to be extended to catch this dependency. Following the argument of Lieberman [1] , the energy lost per electron-ion pair created depends on the energy lost due to collisions and due to particles leaving the system. For the former, an equation
The energy lost due to collisions E c depends on the rate constants K iz , K ex , and K el for ionization, excitation and elastic collisions as well as the respective energies E iz , E ex and E el . The values of the rate constants depend on the chosen background gas and on the electron temperature. In this work, approximation functions provided by Gudmundsson for an argon discharge are used. [19] The energy lost by particles leaving the system needs to be accounted for, for each charged species. For electrons following a Maxwellian distribution this energy can be assumed to be E e = 2k B T e .
Ions have an initial energy of k B T e /2 at the Bohm point and are then accelerated following the mean sheath voltage V S resulting in E i = e V S + k B T e /2. Accounting for the different sheaths at the driven and grounded electrode and the electrode sizes respectively, the total ion energy lost results in E i = f E e V S,1 + f G e V S,2 + k B T e /2 with the weighting factors
The absorbed power can then be calculated taking all created particles in the plasma volume V p = A E l B into account, which results in
with the neutral gas density n g . Since the total number of electrons and ions created needs to be equal to the number of particles leaving the system, a condition for particle conservation
can be established with the total area A = A E + A G . A and V p are geometrical values that depend on the actual setup of the plasma. Again, assuming a cylindrical discharge, both values can be calculated once the electrode area A E is known. It is in this case important to keep in mind that A G is not necessarily the grounded area of the reactor, but rather the sheath size in front of the grounded reactor parts and, therefore, typically smaller. Once geometrical assumptions about the discharge are made, equation (6) can be used to calculate the electron temperature with both u B and K iz being functions of T e . It is also possible to do it the other way around, i.e., to calculate A and V p from the electron temperature, which might be known for a specific discharge from measurements.
In the actual simulation algorithm depicted in figure 2, equation (6) is evaluated once at the beginning of the simulation in order to set T e . It is assumed that the electron temperature and the geometrical parameters do not vary with the absorbed power, i.e., the plasma does not vary in size. In order to perform a transient simulation of the whole system of interest, all elements of the circuit have to be assigned specific values. In other words, the external lumped element circuit needs to be set up (e.g., generator, matching network, loss elements) and the elements of the plasma model need to be calculated. All values of the plasma elements depend on T e -which is already known at this point -and the plasma density for which a (reasonable) value is guessed. This leads to a network with completely determined elements. Especially for large networks it is highly advisable to not set up the differential equations for the whole network by hand, but to rather make use of open-source and providing shared libraries, we make use of the software ngSPICE, which is based on SPICE. [16, 17] A transient simulation of the circuit determines all currents and voltages at each branch and node. Therefore, the absorbed power of the plasma can be calculated from the voltage V pl dropping over the plasma and the current I pl flowing through it in the form P abs = I pl V pl dt (cf. figure 1) . The averaged voltages across the sheaths are obtained from the simulation as well. Equation (5) is then used to calculate the plasma density from these values. Afterwards, using this new value of n, the elements of the plasma model can be updated and the simulation can be performed again. This step is repeated until a steady state of n and P abs is reached. At this point, for a specific circuit, consistent values of n, P abs , I pl and any other current, voltage or power of interest are obtained. Changes in the external circuit can be applied, which is the outer iteration loop of the algorithm (cf. figure   2 ), and the correct values of n and P abs obtained again. In this work, changes to the network are employed in the impedance matching network until the load is matched to the generator.
III. RESULTS AND DISCUSSION
A typical network commonly attached to an RF plasma discharge consists of a generator (to provide power) and a matching network (to insure that a maximum amount of this power actually reaches the plasma). Such a setup is simulated in this work as depicted in values of the loss elements are rough estimates and intrinsically depend on the setup of the chamber, the network and supply lines, and the specific choice of matching elements. To simulate a specific setup, the losses and stray effects of the network can be measured [1, 20] and thus included in the simulation. Other sources of stray effects (e.g., in the matching network) are ignored in this work.
The discharge considered in the simulation has a driven electrode area A E = 100 cm 2 , a grounded area A G = 300 cm 2 and a bulk length l B = 5.7 cm. The pressure is p = 0.66 Pa, resulting in a plasma that is expected to be nonlinear and, therefore, to generate harmonics in the plasma current. The background gas is argon with a temperature T g = 300 K, which results in the neutral gas density of n g = p/k B T g = 1.59 × 10 20 m −3 . From these values and equation (6) an electron temperature of T e = 4.75 eV is calculated.
In the outer loop of the algorithm (accounting for changes in the external circuit), C m1
and C m2 are optimized in order to maximize the absorbed power of the load. This is 
. C m1 and C m2 can be chosen to satisfy these equations. The simulation is repeated afterwards with these new values following the algorithm depicted in figure 2 . Since changes in the matching network have a significant influence on the absorbed power in the load and, therefore, the plasma (which changes its elements and, accordingly, the impedance Z L ), this step has to be repeated several times, until C m1 and C m2 reach a steady state. Typically, up to five iterations of changes in the matching network are required.
A converged and matched steady state simulation is obtained for the values n = 1.25 × In figure 4 , the amplitudes of the different currents in the system at the excitation fre- with C stray , L m2 and C m1 act as a (lossy) low-pass filter of third order with each branch suppressing high frequencies. This suppresses higher harmonics up to the point that non factually reach the "load" (the RF source branch). This behavior is generally desirable since higher harmonics might otherwise create problems in the form of reactive power in the generator.
Stray effects occur in practice not in the form of a specified branch as in the simulation, but distributed over the system, such as at the coaxial cable feed and at the driven electrode [1] . The further away from the electrode in the direction of the matching network a measurement of the current is performed, the less of the plasma-generated harmonics this current is expected to contain. Resultantly, a measurement of the plasma current that is desired to include these harmonics needs to be performed as close to the plasma as possible.
IV. CONCLUSION
A simulation method for self-consistently simulating capacitively coupled plasmas with external lumped element circuits attached is developed based on an equivalent global plasma model. The model is extended to consistently include the calculation of the electron temperature and the plasma density. This is achieved based on both a particle balance and a power balance equation of the system. Using the circuit simulation software ngSPICE, a comprising simulation tool is obtained that allows for simulating a system without the need of setting up and solving the differential equations by hand. This tool is readily applicable for a study of the nonlinear circuit/plasma interaction and may also guide the design of external circuits (e.g., a matching network), because parameters like the absorbed power in the plasma, the load impedance and all the intrinsic currents and voltages in the system can easily be obtained. 
